In this paper, we will show that the projection Homeo + (D 2 n ) → Bn does not have a section; i.e. the braid group Bn cannot be geometrically realized as a group of homeomorphisms of a disk fixing the boundary point-wise and n marked points in the interior as a set. We also give a new proof of a result of Markovic [Mar07] that the mapping class group of a closed surface cannot be geometrically realized as a group of homeomorphisms.
introduction
Let S b g;m1,...,mr be a surface of genus g with r sets of punctures and b boundary components such that the ith set contains m i points. We will omit the index m i and b whenever they are zero. We denote by Homeo + (S b g;m1,...,mr ) the homeomorphism group of S b g;m1,...,mr fixing b boundary components pointwise and r sets of points. We denote by Mod(S b g;m1,...,mr ) the mapping class group of S b g;m1,...,mr ; i.e. Mod(S b g;m1,...,mr ) := π 0 (Homeo + (S b g;m1,...,mr )). There is the associated projection pr b g;m1,...,mr : Homeo + (S b g;m1,...,mr ) → Mod(S b g;m1,...,mr ). In this paper, we will establish the following result.
Theorem 1.1. The projections pr 0;n does not have a section for n ≥ 7 and pr 1 0;n does not have a section for n ≥ 6.
The above theorem answers Question 3.11 in the survey of Mann-Tshishiku [MT18] and generalize Salter-Tshishiku [ST16] . Let τ be the hyperelliptic involution as in the following figure.
Let H g < Mod(S g ) be the hyperelliptic mapping class group i.e. the centralizer of τ ∈ Mod(S g ). Markovic [Mar07] proves that the whole mapping class group Mod(S g ) cannot be realized geometrically; i.e. pr g does not have a section. We have the following generalization to an infinite index subgroup H g .
Corollary 1.2. The projection pr g does not have a section over the subgroup H g for g ≥ 3.
This extends the result of Markovic-Saric [MS08] that H 2 cannot be realized geometrically and also gives a new proof of Markovic [Mar07] that mapping class group cannot be realized.
Historic remark. The first result on Nielsen realization problem for the whole mapping class group is Morita [Mor87] , which shows that there is no section for the projection Diff + (S g ) → Mod(S g ) when g ≥ 18. Then Markovic [Mar07] (further extended by Markovic-Saric [MS08] on the genus bound) shows that pr g does not have a section for g ≥ 2. Franks-Handel [FH09] also obtained the non-realization theorem for C 1 diffeomorphisms and g ≥ 3; see also Bestvina-Church-Suoto [MBS13] and Salter-Tshishiku [ST16] . We refer the readers to the survey paper of Mann-Tshishiku [MT18] for more history and previous ideas.
Idea of the proof. Our proof essentially uses torsion elements (i.e. finite-order elements) of the corresponding mapping class group. The main observation is that the torsion elements in mapping class groups are not compatible with each other. By Ahlfors' trick, which states that a torsion element in a mapping class group has a unique realization up to conjugation, we reach a contradiction by finding a global fixed point. To make use of our argument on a torsion-free group like the braid group Mod(S 1 0;n ), we use the theory of Markovic [Mar07] to obtain local torsions and apply the same strategy.
Structure of the paper. In Section 2, we will give a local argument showing that the projection pr 0;1,6 does not have a section using torsion elements. In Section 3, we define minimal decomposition and postpone the proof to Section 6. Then in Section 4 and 5, we use the minimal decomposition to finish the proof of Theorem 1.1 and Corollary 1.2. We will give a new proof of Ahlfors' trick in the appendix.
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a local argument
In this section, we will give a local argument showing that the projection pr 0;1,6 does not have a section. The following is an old theorem of Ahlfors talking about the uniqueness of finite subgroup Nielsen realization; see e.g. Markovic [Mar07, Proposition 1.1]. We will give a new proof of Ahlfors' trick in the appendix.
Proposition 2.1 (Ahlfors' trick). Let f ∈ Mod(S b g;m1,...,mr ) be a finite order mapping class, then f has a unique homeomorphic representative up to conjugation in Homeo + (S b g;m1,...,mr ).
In the following, we only need the genus 0 case of Ahlfors' trick, which goes back to Brouwer [Bro19], Eilenberg [Eil34] and Kerékjártó; see also . For spherical braid group, we have the following local argument.
Theorem 2.2. The projection pr 0;1,6 : Homeo + (S 0;1,6 ) → Mod(S 0;1,6 ) does not have a section.
Proof. The above nonexistence comes from incompatibility of finite order elements in Mod(S 0;6,1 ) and Ahlfors' trick as we will explain now. We name the puncture p 0 , p 1 , ..., p 6 for both Homeo + (S 0;1,6 ) and Mod(S 0;1,6 ) where p 0 is the first point which is fixed. From Chen-Salter [CS18, Section 2.3] (notice that there is a multiple of 2 difference on the order of torsion elements in the spherical braid group and in the mapping class group of a punctured sphere), there are 2 kinds of torsion elements in Mod(S 0;1,6 ):
• 1) α 1 the rotation of order 6 fixing p 0 and no other puncture and • 2) α 2 the rotation of order 5 fixing p 0 and p 6 . Now we assume we do have a section s of pr 0;1,6 : Homeo + (S 0;1,6 ) → Mod(S 0;1,6 ), By Ahlfors' trick, finite order element of Homeo + (S 0 ) is conjugate to a rotation. Then s(α 1 ) has another fixed point other than p 0 , we will call this point A. We know that A is not a puncture. The goal of the whole proof is to show that A is a global fixed point for Mod(S 0;6,1 ), which contradicts the fact that s(α 2 ) only fixes p 0 , p 6 but not A.
For 0 < k < 6, since s(α k 1 ) is a nontrivial rotation, we know that Fix(s(α k 1 )) = {p 0 , A}. If g ∈ Mod(S 0;1,6 ) commutes with α k 1 , then
Since we also know that s(g) fixes p 0 , we obtain that s(g) fixes A. We denote by C(k) the centralizer of α k 1 in Mod(S 0;1,6 ). The above discussion establishes the fact that s(C(k)) fixes A.
We denote by G < Mod(S 0;1,6 ), the subgroup generated by C(2) and C(3). To finish our proof, all we need now is to show that G = Mod(S 0;1,6 ). There is a standard generating set of Mod(S 0;1,6 ) by half twists σ 1 , ..., σ 6 ; see the following figure for σ 1 . We have that α 1 is the rotation by 2π
First of all, we observe that α 1 ∈ C(2), and we know that α 1 , σ 3 generate the whole group Mod(S 0;1,6 ) (e.g. see Chen-Salter [CS18, Lemma 2.5]). So all we need to prove now is that σ 3 ∈ G. We will prove this by explicitly writing σ 3 . By observation, σ 1 σ 4 , σ 2 σ 5 , σ 3 σ 6 ∈ C(3) and σ 1 σ 3 σ 5 , σ 2 σ 4 σ 6 ∈ C(2). We now start with
By commutativity of σ 2 and σ 4 , we obtain
Applying the same calculation for σ 1 σ 4 ∈ G, we obtain
∈ G But we know that σ 5 commutes with everything above, so we obtain
we know that σ 6 commutes with everything above, so we obtain
But we know that σ 5 commutes with everything above, so we obtain
This concludes the proof.
Remark. Notice that the above argument does not give any information for the case of pr 0;1,n : Homeo + (S 0;1,n ) → Mod(S 0;1,n ) when n is a prime number. We need a stronger tool to deal with the general case.
pseudo-anosov analysis and minimal decomposition
In this section, we will introduce a theory called minimal decomposition of surface homeomophisms. This is established in the celebrated paper of Markovic [Mar07] giving the first proof that the mapping class group cannot be geometrically realized as homeomorphisms. The key idea in the theory is the shadowing lemma in dynamics. In the end, he uses torsion elements and the braid relation to reach a contradiction. We will modify and apply Markovic's theory of minimal decomposition to make our local argument global.
We recall the definition of upper semi-continuous decomposition of a surface; see also Markovic [Mar07, Definition 2.1]. Let M be a surface.
Definition 3.1 (upper semi-continuous decomposition). Let S be a collection of a closed, connected subsets of M . We say that S is an upper semi-continuous decomposition of M if the following holds:
• If S n ∈ S, n ∈ N is a sequence that has the Hausdorff limit S 0 then there exists S ∈ S such that S 0 ⊂ S.
Now we define acyclic sets on a surface. We will now discuss the minimal decomposition theory. The following definition is Markovic [Mar07, Definition 3.1] Definition 3.4 (Admissible decomposition). Let S be a upper semi-continuous decomposition of M . Let G be a subgroup of Homeo(M ). We say that S is admissible for the group G if the following holds:
• Each f ∈ G preserves setwise every component of S.
• Let S ∈ S. Then every point, in every frontier component of the surface M − S is a limit of points from M − S that belongs to acyclic components of S.
If G is a cyclic group generated by a homeomorphism f : M → M we say that S is an admissible decomposition of f .
An admissible decomposition for G < Homeo(M ) is called minimal if it is contained in every admissible decomposition for G. We have the following theorem from Markovic [Mar07, Theorem 3.1].
Theorem 3.5 (Existence of minimal decomposition). Every group G < Homeo(M ) has a unique minimal decomposition.
The key technical theorem we need is the following decomposition theorem. Let c be a simple curve in either Mod(S 1 0;n ) or Mod(S 0;n ) bounding 6 points. From now on, we will assume that there is a section s of pr 0;n or pr 1 0,n . Remark. This is similar to Markovic [Mar07, Theorem 4.1]. Instead of doing torus analysis of an Anosov map, we will do this analysis on the punctured disk with 6 punctures of a pseudo-Anosov map. Again the key idea is the shadowing lemma.
To make the whole proof easier to follow, we postpone the sketch of the proof of Theorem 3.6 to a later section. By the definition of the minimal decomposition and acyclic sets, we know that the minimal decomposition of s(T c ) satisfies the same property as Theorem 3.6.
general case: how to make use of our local obstruction
Now we finish our proof of Theorem 1.1.
Proof. Let c be a curve bounding 6 points in either S 1 0;n or S 0;n . Let Inn(c) denote the subgroup of Mod(S 1 0;n ) or Mod(S 0;n ) that is identity outside of c. By definition we have that Inn(c) < Stab(c). We will prove that Inn(c) cannot be realized. By Theorem 3.6, we get a curve β homotopic to c that bounds a disk D with 6 punctures. The minimal decomposition S(c) of s(T c ) only contain acyclic components inside the disk D. For f ∈ Stab(c), we know that f will preserve S(c) as a set. Applying Theorem 3.3 (Moore Theorem) to S(c), we semiconjugate the whole group Inn(c) by semiconjugating s(T c ) into the identity map on D. The boundary of D is invariant under Inn(c). Pinching the boundary of D, we get a representation Mod(S 0;1,6 ) = Mod(S 1 1;6 )/ T c → Homeo + (S 0;1,6 ) which is a section of pr 0;1,6 : Homeo + (S 0;1,6 ) → Mod(S 0;1,6 ). This contradicts Theorem 2.2.
application to nielsen realization problem
Now we proceed to apply Theorem 1.1 to deal with Nielsen realization problem for H g .
Proof of Corollary 1.2. The subgroup H g satisfies the following exact sequence.
Assume that H g has a realization and that τ ∈ Homeo + (S g ) is the realization of τ . By Ahlfors' trick, τ is conjugate to the standard hyperelliptic involution which means that τ has 2g + 2 fixed point. Let Homeo + (S g )( τ ) be the centralizer of τ . Thus we have the following: 1 → Z/2 → Homeo + (S g )( τ ) → Homeo + (S 0;2g+2 ) → 1.
By Birman-Hilden theory [BH73] (see e.g. [FM12, Chapter 9.4]), we know that π 0 (Homeo + (S g )( τ )) = H g . We have the following pullback diagram.
Homeo + (S 0;2g+2 )
However, a section of pr(H g ) gives a section of pr 0;2g+2 , which contradicts Theorem 1.1 6. the proof of theorem 3.6
In this section we sketch the proof of Theorem 3.6. We refer all the details to Markovic [Mar07, Chapter 4] and Franks-Handel [JF07] . We will work with S 0;n but everything works the same for S 1 0;n . Let A ∈ Homeo + (S 0;6 ) be a pseudo-Anosov mapping. Up to a power, assume that A has a non-puncured fixed point x. Let pi : S 0;n → S 0;6 be the pinching map that pinches the rest of c to the point x. Recall that Inn(c) ∈ Mod(S 0;n ) is the subgroup that acts trivially outside of c. We will have a natural forgetful map Give S 0;6 a hyperbolic structure and lift the universal cover of S 0,6 to S 0;n by the map pi (universal cover of the punctured sphere S 0;6 ). We call this cover π : S 0;n → S 0;n . (see Figure 6 Lifting the map A to the universal cover, we get another diagram:
By restricting the map on the closure L s of stable (L u of unstable) leaf space of the singular foliation determined by the pseudo-Anosov map A, we obtain a map
Let s(g) be the lift of s(g) to S 0,n . Since s(g) is homotopic to A, we know that the actions of s(g) and A on S 0,n have finite distance. By the shadowing lemma, there is a commutative diagram that semiconjugates s(g) toĀ.
S 0,n
Let S be the collection of all connected components of the sets θ −1 (v, w). Set S = π( S). Following the proof of Markovic [Mar07, Proposition 4.1], we obtain the following proposition which implies Theorem 3.6 (see also ). Proposition 6.1. S is a proper upper semi-continuous decomposition of S 0;n . Moreover, there exists a simple closed curve γ, that is homotopic to c, such that if p ∈ S 0;n belongs to the component of S 0;n − γ that is homotopic to S 1 0;6 , then the component that contains p is acyclic.
appendix: a new proof of Ahlfors' trick
We will prove Ahlfors' trick for one finite order mapping class on a closed surface S g . This proof can be generalized to a finite subgroup of a mapping class group. Let f 1 , f 2 ∈ Homeo + (S g ) be two realization of a finite order mapping class f ∈ Mod(S g ). Denote by F ix(f i ) the fixed point set of f i .
Lemma 7.1 (number of fixed points). We have that |F ix(f 1 )| = |F ix(f 2 )|.
Proof. Let F : Mod(S g,1 ) → Mod(S g ) be the forgetful map. Let Homeo + (S g ) be the lifts of all elements in Homeo + (S g ) to the universal cover of S g . There is a commutative diagram 1 / / π 1 (S g ) / /
Homeo + (S g ) F / / prg;1
Homeo + (S g ) / / prg;1 1 1 / / π 1 (S g ) / / Mod(S g,1 ) F / / Mod(S g ) / / 1 (1)
We claim that |F ix(f 1 )| is equal to the number of lifts of f under F with the same order up to conjugation by elements in π 1 (S g ). This concludes the proof of the lemma. To prove the claim, we will use a theorem of Kerékjártó (see ) that any periodic homeomorphism of a disk is conjugate to a rotation. Therefore any periodic action of the disk has a unique fixed point. Let f ∈ Mod(S g;1 ) be a lift of f ∈ Mod(S g ) with the same order. By the property of pullback diagram (1), f determines a lift f 1 of f 1 of the same order. Since f 1 is a periodic homeomorphism of the disk, f 1 has a unique fixed point in S g , which gives a fixed point of f 1 on S g . It is easy to check that conjugate of f gives the same fixed point for f 1 . A lift of f 1 with a fixed point also determines a lift of f . This establishes the correspondence.
Lemma 7.1 implies that the orbifold data determined by actions of f 1 and f 2 on S g are the same. Therefore, there is a homeomorphism that conjugates f 1 to f 2 .
